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For small deformation gradients, thermal expansion can be obtained from basic engineering as HOOKE’s law i.e. the most
basic material law from a first-order polynomial strain energy function [6], see Table 1 (left).
For finite deformations, different strain energy functions have to be found like e.g. the SAINT-VENANT-KIRCHHOFF or
neo-HOOKE models [7]. A different approach is based on the multiplicative decomposition of the deformation gradient [8]
FkK = F
th F elkK into an isotropic strain for the volume expansion F
th and an incompressible (isochoric) elastic part F elkK .
When the linear elasticity is described for the spatial logarithmic HENCKY-strain εHkl = 1/2 ln(FkMFlM ), the product inside
the logarithm leads to an additive superposition of the strains in analogy to HOOKE’s law. The nonlinear Extended TEM is
given in Table 1 (middle).
The equations of the extended TEM can now be used with a thermal expansion coefficient βthmn which is defined at a
working point in the active behavior plot, see Figure 1. To implement arbitrary active material behavior, the actuation stimulus
together with the expansion coefficient has to be described in a normalized way to account for non-temperature stimuli.
The tensorial form for the expansion coefficients allows the incorporation of possible direction dependencies in actuation
like they can be found e.g. in Dielectric Elastomer Actuators. For isotropic expansion – as it can be observed in hydrogels or
conductive polymers – they simplify to αthkl = α
th δkl and βthkl = β
th δkl.
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For passive (classical) materials, stress and strain are used to extract the material behavior from the sample behavior in a
tensile test. In analogy, the actuation behavior of active (smart) materials can be normalized. In the present research, we show
the normalization using the example of hydrogels that react with a volume change (swelling and deswelling) when exposed
to stimulus-changes like temperature, chemical concentrations, pH or light intensity changes. The normalized behavior can
then be implemented with the Temperature-Expansion-Model which is based on the analogy of active behavior with thermal
expansion. This allows the simulation of arbitrary active structures and the extraction of the sensitivity measure to a stimulus.
1 Active behavior
The actuation behavior of active (smart) materials is still very difficult t o g rasp b y e ngineers w ho a re n ot f amiliar w ith the 
multi-physics backgrounds: These are for example electro-activity in Dielectric Elastomers, phase transitions in hydrogels, 
combined electro-chemical interactions in conductive polymers or phase transitions in shape memory alloys [1–3]. In the 
current work, we provide a concept based on the normalization and general representation of active behavior using the concept 
of analogies: Different phenomena can be described as analog if they can be represented by the same macroscopic model, i.e. 
mathematical representation. Well-known analogies are for example between electric and hydraulic circuits or between the 
thermal and chemical field. In the current work, we present how the active equilibrium behavior of different smart materials 
can be described in analogy to thermal expansion.
2 Description of the Temperature-Expansion-Model
The approach of representing the isotropic swelling of the hydrogel poly(N-isopropylacrylamide) (PNiPAAm) with thermal 
expansion was called Temperature-Expansion-Model (TEM) [4, 5] in order to avoid confusion with thermal expansion which 
is a physical process. The TEM is a phenomenological approach to represent the active behavior using the same mathematical 
description, which is also done in various actuator equations.
Table 1: Equations for the Temperature-Expansion-Model (TEM), the extended (nonlinear) and the normalized version.
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Fig. 1: The diameter vs. stimulus curve denotes the physical swelling behavior a. From this, the normalized behavior b can be derived.
Thermal expansion is usually implemented in commercial Finite-Element tools like Abaqus or Ansys. The initial bound-
ary value problem composed of the momentum balance in reference configuration (LAGRANGEian description), kinematics
(HENCKY strain) and linear elasticity can also be manually implemented and solved using e.g. Matlab.
3 Normalization of hydrogel behavior
The isotropic swelling of hydrogels can be understood in analogy to thermal expansion [4]. The activation stimulus Sactivation
can be e.g. temperature ϑ, pH or chemical concentration. As a replacement for ϑ in the material law, the stimulus ratio
F Stimulus = Sactivation/Sactivation, ref can be defined. This normalizes the stimulus, i.e. it removes the dimensions and transforms
stimuli to a similar range e.g. (0, . . . , 10). The reference stimulus Sactivation, ref can be found at a characteristic point of the
stimulus curve, e.g. the inflexion point in Figure 1.
In a very limited stimulus range, the actuation response to a stimulus can be linear, see Figure 1b. Then, a linear expansion
coefficient αth can be found and a parameterDγ – called sensitivity in analogy to signal processing – which depicts a mechan-
ical compliance to an outer stimulus γ (e.g. temperature, pH), can be derived. This parameter can be understood as an inverse
elastic modulus in a stress-strain relation. Different active materials reacting to the same stimulus can be compared in their
sensitivity measure just as passive materials are compared in their elastic modulus.
For any nonlinear expansion behavior over the stimulus, a nonlinear and stimulus-dependent expansion coefficient
β(Sactivation) can be derived. This can be achieved through fitting of the free actuation, e.g. for hydrogels free swelling.
If only data for the constrained form is available, the variational problem consisting of the balance laws, kinematics and
constitutive equations with the target function βF(F Stimulus) can be formulated to obtain the expansion coefficient.
4 Conclusion and Outlook
The Normalized Extended Temperature-Expansion-Model provides an easy tool to grasp the active behavior of smart materi-
als. It is based on the phenomenological approach for the active behavior and represents this by the analogy to thermal expan-
sion, which is usually well implemented in commercial Finite-Element tools. Through the normalization concept, arbitrary
activation stimuli can be incorporated even when they are nonlinear. The approach can further be used in other engineering
problems that consider thermal expansion e.g. inside the framework of Classical Laminate Plate Theory for composites.
As for any material description on the continuum level with constitutive laws, the Temperature-Expansion-Model has
several limitations like e.g. the neglect of involved transport processes. The model can be further expended to include these
effects which makes the model more accurate in the phenomenological description of the active behavior. At the same time,
the model will become more complex and harder in implementation. In future works, we will further explore the limitations
of the model. Inside the provided boundaries, the Temperature-Expansion-Model can be used as a tool for the description
of active materials without further insight into the underlying mechanisms. This can make design and construction of active
structures much more accepted in industry and can therefore be a step to foster the advance of active structures.
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